(3) σ(Γ,£(g)ϊ)Cσ where σ{ 7,1(σ) X ) is the spectrum of T in the subspace E (σ) X .
If σ is a bounded set, then Ί is a bounded spectral operator in the subspace E(σ)X, and in this subspace its structure and operational calculus are known from [3] , The idea of the present paper is to determine the properties of T in X from those of the sequence of approximating bounded spectral operators TE {σ n ), where 1 σ n \ is an increasing sequence of bounded sets for which l U σΛ=/.
* n = l '
We outline briefly the main results:
The simplest type of spectral operator S is that of scalar type:
where this limit exists and e n = each spectral operator T we can construct an associated scalar type operator S from its resolution of the identity. One of the principal results of the bounded case is the characterization theorem [3, Theorem 8] that T is a bounded spectral operator if and only if T -S + /V, where S is a bounded scalar type operator and N is a generalized nilpotent operator commuting with S, In the unbounded case the relation of T to S is not so simple, as we shall show by examples. The operator Λ' = T -S (with suitably defined domain) may be bounded but not a generalized nilpotent or even unbounded with spectrum covering the plane. We give a sufficient condition (Theorem 4.1) that 7 -S + N shall be a spectral operator.
If S is a spectral operator of scalar type, it has an operational calculus exactly analogous to that of an unbounded normal operator in Hubert space (which is an example of a spectral operator). To each 13orel measurable function / on σ(S) we can assign a densely defined closed operator/(5) which is also a spectral operator of scalar type, the operators corresponding to f and | f \ having the same domain. In case 7 = S + N is a general spectral operator we can, by the formula
assign a densely defined operator f(T) to each function analytic and singlevalued in the complement of a set θ for which E{θ)~ 0. (Here \e n \ is an increasing sequence of compact sets on each of which / is analytic and with E(U n τzι e n ) = /.) However, as we shall show by an example, this operator need not be a spectral operator without other restrictions. If / is a rational function,
is always a spectral operator. Conditions are given to ensure that f(T)
is bounded. A result of the calculus is the theorem that a closed operator T with nonempty resolvent set is a spectral operator if and only if (λ/ -T)~ι is a bounded spectral operator for some λ jέ σ(T), In case T is of the form Γ = S + /V, where N is a generalized nilpotent, we obtain quite an extensive operational calculus of spectral operators. In order that f (T) shall be a spectral operator it is sufficient that the singularities of /(λ) in the finite plane (with the possible exception of a finite set of poles on σ(T)) shall not get arbitrarily close toσ(7).
2. Closed extensions. In this first section we establish the existence of a closed extension of certain densely defined operators. This result will be the main tool of the paper and it will be convenient to formulate it under rather general conditions. We shall suppose throughout this section the existence of a resolution of the identity E. Under these conditions we say Q satisfies condition id) and write X^j = \x \ x -E (e)x for some e G 21 }.
An important case occurs when 21 consists of all bounded Borel sets. We shall be interested in finding a particular closed extension of Q, The construction will be based on two lemmas. We will also need:
LEMMA 2.3. Let \e n \ be an increasing sequence of sets from 21 for which <t U e n * n = l //, for each n, λ e p (Q, E (e n ) X ) αrac?
Proof. Clearly XI -Q is a closed one-to-one mapping of
D(λ/-ρ) = D(ρ)
into X. We must show it is onto. Let x G X and
Then lim^^oo y^ = y exists by hypothesis, and
We note that if T is a spectral operator and T o is the closed operator obtained by taking for ?ί the class of bounded Borel sets and defining Qx = Tx 9
x £ X^, then T = J o ΓAus α spectral operator has no proper closed extension which is a spectral operator.
3. Scalar type spectral operators. We begin by studying the simplest type of spectral operators, those which can be constructed from a resolution of the identity E by integrating scalar functions. The integral we use for bounded functions over bounded sets is that introduced by Dunford [3, Lemma 6] We particularly recall the relations
where e is a bounded Borel set, v(E)= 4M, and / and g are bounded Borel measurable functions. 1 We denote by Ϊ FL the set of Horel raeasurable functions / each of which is finite-valued in the complement of a set φr for which
If / G ϊίl, we let ?I be the class of bounded Borel sets on which |/(λ)| is bounded and take e n ={λ I |λ| < n, |/(λ)| < n\ (n= 1,2,...).
We define 
) g(S) is bounded if and only if g is essentially bounded with respect to\E(e)\; (4) iffe^andg(S) is bounded, then g(S)D (/ (S)) C D (f (S)).
Proof, \\e note that (3) follows from formula (3.1). To prove (1), let 1 The first half of (3.1) does not appear explicitly in [3] but follows from the second half and (3.2). 
But |s(S)| <!?(£), and the last term is in norm not greater than e υ{E). 
n J e n Je n THEOREM 3.2. Let { and g e lΐl.
( 
since [ e f {λ)E {dλ) is a bounded operator. Thus / (S) g{S)x ~ {fg){S)x.
For the next theorem we will need a lemma which it will be convenient later to have formulated for a general spectral operator. 
Clearly μC σ( T).
If σ is a closed subset of μ', then, for each n 9 σ ( T 9 E (σe n ) 3C)
is a subset of both σ and σ{T 9 E (e n ) 3C). Thus E(σe n ) = 0 9 £(σ) = 0, and £(μ / ) = 0.
Hence E (μ) = I and μ = σ( T). 
•ίδ
Then § is a Hubert space. We denote by E (n) the orthogonal projection mapping § onto § . The Boolean algebra E of projections If σ is a set of integers and Oί f£ σ then, for n G σ,
The last example shows the degree of pathology that may arise. It is interesting that we do have the following result which covers the case of Example By [3, Lemma 3], the resolvent of T in E (σe n ) 3£ is given by
We conclude the proof by showing that
exists for each x ££(σ)3£ and applying Lemma 2.3 in that subspace. We show in fact that the series
converges. For given 0 .< e < 1, we may pick τι 0 so large that 2\N\ < e dist (λ,e π ' o ), 2v(E) < dist (λ, e n and pick an n x > «o such that for any m and n with m > n > n \i + l Then, using (3.1), we get the series converging absolutely in the uniform operator topology. We shall make formula (5.3) the basis of an operational calculus in the unbounded case.
Given an unbounded spectral operator T, we denote by R the class of functions / each analytic and single-valued in the complement of a closed set θr for which E (θr) = 0. If for / e R we take
then ί e n \ is an increasing sequence of closed sets for which E U e n =/, and on each of which / is analytic. Moreover, T -S + N is a bounded spectral
on the set D (f (T)) of x for which this limit exists, we obtain via Lemma 2.2 a closed densely defined operator. The class K is closed under sums and products, and by an argument exactly analogous to that of Theorem 3.2 we obtain:
THEOREM 5.1. Let f and g ER.
(
1) // xeD(f(T))nD(g(T)\ then x G D ((/ + g) (T)) and (/(Γ) + g(T))x = (f+g)(T)x.
2) // xED(g(T)) and g(T)x G D (f (T)) 9 then xeD((fg)(T)) and f(T)g(T)x = (fg){T)x.
As we show now by an example, the operator f(T) need not be a spectral is the whole plane.
In connection with Example 1, it is worth noting that there are bounded operators which are spectral operators on each of an increasing sequence E (e n ) X of subspaces for which Y U e π )=/, 
and spectrum
For the proof we shall need the following lemma:
. Let f and T satisfy the conditions of Theorem 5.2. Then σ(f(T))Qf(σ(T)).
Proof. Clearly we can suppose that f{σ(T)) is not the entire plane. Let λ 0 jέ/(σ(T)), and define the function g{λ) to be [λ o -/(λ)]~ι where / is analytic and zero at the poles of /. Then g is analytic on σ{T) and at infinity.
To show that g(T)
is a bounded operator, we can suppose that σ (7) is not the whole plane, since otherwise g is constant. Now A.E.Taylor [10] has shown that if T is a closed operator whose spectrum does not cover the plane, and g is a function analytic on σ{T) and at infinity, then there is an unbounded
Cauchy domain D such that σ ( T) C D 9 D is contained in the domain of g, and an operational calculus is established by defining
where K is the positively oriented bounded contour forming the boundary of D.
The operator g[T]
is bounded, and, in the case T is bounded, g[T] = g(Γ), the operator of (5.1). Now, recalling the equivalence of (5.1) and (5. Proof of Theorem 5.2. Let σ be a fixed Borel set. Then
We now apply either (5.2) or the preceding lemma in the subspace E (/" ι (σ)) X, depending on whether or not f~ι (σ) is a bounded set, to conclude that If we restrict /V to be a generalized nilpotent we obtain a broad operational calculus of spectral operators. All we need require of an analytic function / is that its singularities in the finite plane (with the exception of a finite set of poles as before) shall not be arbitrarily close to σ(T). 
Proof.
Let / and r be given and λ 0 £ f (σ(T)). Again we define g(λ) to be )" 1 where /is analytic and zero at the poles of /. Then as λ 0
£f(σ(T))
there is a constant s > 0 such that g is analytic and bounded in μ =U| dist(λ,σ(Γ)) < 2s i. 
